INTRODUCTION
The purpose of this article is to dérive two-dimensional eigenvalue problems that describe the limit behavior of the three-dimensional eigenvalue problem of linearized elasticity in thin folded plates when, the thickness of the plates tends to 0. This is a question of interest since the resuit provides a model for the f ree vibrations of folded plate structures. This purpose is achieved by combining the techniques of Le Dret [10] -[ll]- [12] , which deal with the modeling of folded plates in the static case, with the techniques of Ciarlet and Kesavan [4] , who consider the limit eigenvalue problem for a single plate. Both works contain a good part of the ingrédients we need hère and we have thus felt free to refer to them rather extensively, in order to keep the size of the article within reasonable bounds.
Let us recall that the problem at hand is a special case of the more gênerai problem of modeling and controlling elastic " multi-structures ", i.e., structures combining 3d-bodies with plates and rods that are held together by appropriât e junctions. Significant progress in this area from the mathematical viewpoint has recently been achieved for 3d-2d junctions in the works of Ciarlet, Le Dret and Nzengwa [6] - [7] and Ciarlet and Le Dret [5] in the static case and of Bourquin and Ciarlet [3] for the eigenvalue problem. The resulting models give good numerical results, see Aufranc [2] . For 2d-2d junctions, i.e., folded plates, we have already mentioned Le Dret [10] -[ll]- [12] who treat the static case. The case of ld-ld junctions (junctions between rods) is also analyzed in the static case in Le Dret [13] .
The central idea behind all these works is always the same. It consists in scaling each part of the elastic structure independently of the others, in the same way as is usually done for single plates or rods. These scalings must be performed in such a way that the junction région between two parts is taken into account in each of the scaled parts. The scaled displacements are then defïned on separate domains, but satisfy some compatibility relations in each of the scaled images of the junction région. Passing to the limit in these relations yield the limit junction conditions.
To be more spécifie, we consider here the same standard folded plate as in [11] - [12] , i.e., an homogeneous isotropic linearly elastic body consisting of two plates of thickness e perpendicular to each other (see [12] for more gênerai geometries). The Lamé moduli of the materials are supposed to be of the form e~2(|x, \) and the structures are assumed to be clamped on one plate only. It is shown that the eigenvalues TIJ; of the three-dimensional problem converge as e -> 0 toward the eigenvalues rQ of a well-posed 2d-2d eigenvalue problem. Accordingly, the scaled eigenfunctions converge toward eigenfunctions of the limit 2d-2d model. This model is as follows. The limit eigenfunctions are of Kirchhoff-Love type in each plate with no inplane components. They are thus determined by pairs (£5', t>\") of Zf 2 -functions of the in-plane variables of each plate (i.e., with the coordinate convention assumed throughout, x ls x 3 and x^, x 3 respectively) that correspond to the flexural displacements of the plates. These displacements are such that (assuming that $ ' is the displacement of the clamped plate and denoting the fold by 7) (i) £f " = 0 on 7 and g' = -a(x 3 -1/2) + b on 7 with (a, b) e IR 2 , which indicates a stiffening effect of the fold,
(ii) dï^>' = -9 2 £f" on 7, i.e., the angle of the plates stays equal to TT/2 during the vibrations of the structure.
These two relations, which we call limit junction conditions, détermine a Hubert space "V* in which the limit eigenvalue problem is set. > where a(£'), b(g') dénote the constants a and b of (i) for 12 v " ' an arbitrary element (£', £") of i^. This extra term represents the contribution of the overall rigid motion of the f ree plate, which folio ws the rigid motion of the fold, to the limit eigenvalue problem. The particular factors 5/12 and 1 are due to the spécifie square shape of the plates we consider here.
In addition, a very simple and gênerai proof of convergence of the scaled stresses is given. This proof extends that of Destuynder [9] . It is shown that the scaled stresses <x afi (e), a a3 (e) and cr 33 (8) . We refer to [1] , [14] and [15] for the gênerai properties of these spaces.
THE THREE-DIMENSIONAL PROBLEM
We consider the standard eigenvalue problem of three-dimensional linearized elasticity for domains that model thin folded plates in the sensé of [11] , [12] . Let us briefly review the notation which is the same as in those two papers. The référence configurations of the elastic bodies under considération are the sets fl e , defined for e>0 as def a e = n; u a; , with |x, \:>0 and independent of s. The spécifie choice (1.1) does not restrict the generality of our results. Indeed, the results corresponding to any other choice (including (|JL 8 , X S ) independent of e as in [4] ) may be deduced from the results given hère via an appropriate rescaling, The reason for assuming (1.1) lies in the fact that, in this case, the eigenvalues of the 3<i-problem turn out to converge to the eigenvalues of the 2d-2d model as s -• 0 without rescaling (compare with the eigenvalues of the order e 2 in [4] ). From the viewpoint of mechanics, (1.1) is an assumption on the rigidity of the materials, i.e., the materials are assumed to become more and more rigid as the thickness of the plates goes to 0, with the spécifie order s~ 2 indicated in (1.1). This assumption is thus the only one that yields such a limit behavior for the eigenvalues and we find it more agreeable to work with, instead of with any other (mathematically) equivalent assumption.
We also assume that the boundary conditions are as in [12] , i.e., clamping u -0 on Tg and the rest of the boundary 3H E \r^ is traction-free, where def def r^= n^n {^ = 1} , 17= ü;n {* 2 = i} (the simpler case when clamping holds on parts of both plates, e.g. also, on r; is left to the reader). Problem (1.2) f ails within the classical framework of abstract spectral theory for self-adjoint compact operators. Let us introducé the relevant spaces Then it is well-known, see e.g. [16] , that, for all e :> 0 fixed, the eigenvalues vol. 24, n° 4, 1990 are arranged in an increasing séquence 0 *=: T| J ^ T| 2 ^ ... ^ T| ^ ...
( where W p is the set of all vector subspaces of V £ of dimension p, see e.g. [8] or [16] . Moreover, we will use the following variational characterization of the eigenvectors:
for ail v e e V e . For our purposes here, it will be convenient to normalize the eigenvectors according to (1.9)
RESCALING THE STRUCTURE
The rescaling we use here is exactly the same as in [11] , [12] . We will thus only briefly describe it. First of all, we introducé two copies of R 3 Finally, we recall the following version of Korn's inequality whose proof may be found in [12] . 
(t>(e))= f B' t (V(e),v'(z))dx+ f B;{V(B),V(E))dxl
JCL' J fi"\ J" ƒ (2.9)v{x) = v(x)- a(v) A ( x -y*)-b(v),(2.
THE LIMIT PROBLEM
We follow the scheme of the proof of Theorem 1 in [4] , namely, we first prove that the various unknowns involved (T^, U P (B)) satisfy appropriate bounds, which, upon extraction of a subsequence, will allow us to consider limits for these unknowns as e -> 0. Then, we will identify limit 2d-2d problems for the limit unknowns by using the techniques of [11] - [12] . As these limit problems will turn out to be well-posed eigenvalue problems, we will then be able to détermine precisely the limit unknowns as being the eigenvalues and eigenvectors of the limit problems. This will show that the whole family (T^, U P (Z)) converge. To begin with, let us consider the eigenvalues T^;. 
It follows immediately from (3.2)-(3.4) that:
min maxi^g = -n;, (3.5) Let us simply mention hère that these estimâtes rely crucially upon the compatibility relations (2.6).
• We may therefore extract a subsequence e" (which can be chosen to be the same for ail p, by use of the diagonal procedure) such that LEMMA 3.3 : For ail p s= 1, we have ti;--<, (3.11)
Remarks : In the sequel, we will omit the subscript n for the sake of brevity. As in [12] , we may as well incorporate the component s of the rigid displacement that converge into ü p "(s), thus defming
The interprétation of formula (3.16) is the same as in the static case of [12] , Namely, if we «descale» équation (3.16) and restrict it to the midplane of the free plate, we see that u z ' p in this plate consists of a flexural displacement that converges toward wf"(0) and of in-plane displacements that converge toward a rigid displacement (0, -â? 0 (x 3 -1/2) + bf, ôf° x 2 ). As the eigenvectors correspond to vibration modes for the whole structure, it follows that these modes comprise a vertical rigid motion o f the free plate which, as we will show in the next lemma, is equal to the motion of the edge of the clamped plate at the fold, cf. formula (3.20) below.
H. LE DRET
We next state without proof the following properties of u p (Q). The proofs for the various formulas in Lemma 3.4 can be found in [11] and [12] . Although they were written for the static case, it is clear that they apply equally well hère. 
These functions satisfy the boundary condition
and the junction conditions ( 8 )) converge strongly in L 1 . Using these spécifie functions v(s) as test-functions in the variational équations (2.11), we can thus pass to the limit in their left-hand side, which gives the left-hand side of équation (3.33). In effect, it is not possible to follow exactly the above programme. In order that u(e) should satisfy the compatibüity conditions (2.6) (and still keep the other properties listed above), it is necessary that v"(e) be of the form i?"(e) = (5f(e), e-^CO -(x 3 -1/2) a(g')] + 5 2 "(B) ,
where it is Ü"(E) that actually approximates v". This does not change the left-hand side, since only rigid displacements are added, but gives rise to the right-hand side of équation (3.33), by formulas (3.13), (3.14), (3.16) and (3.20) . D
Remarks :
The coefficients 5/12 and 1 of the last two terms are of course not universal. They are related to the geometry of the free plate. For an arbitrarily shaped plate co", we would have obtained (3.36) Thus, the first coefficient is the trace of the inertia tensor of the free plate (with surface density 1) with respect to the center of the fold and the second coefficient is the area of the free plate. In gênerai, these is also a crossproduct term with coefficient (x 3 -1/2) dx which has no influence on the results given below. The fact that (3.33) détermines the limit unknowns -i.e., that it is a wellposed eigen value problem -is not completely obvious, especially in view of its strong from. Let us set 7 = {(0, 0, x 3 ) ; 0 < x 3 <=: 1} . It is clear that &f equipped with this norm is a Hubert space. We endow V with its natural H 2 topology. Then, the imbedding
is obviously compact, and the following lemma is then just a straightforward conséquence of the gênerai spectral theory, see e.g. [16] . Proof : The only thing that remains to be proved is that the left-hand side of équation (3.33) defines a coercive bilinear from on "V*. We refer the reader to [12] for such a proof. D
The following lemma is quite obvious. -convergences. This fact will be used in Sectionc 4 to obtain the limits of the stresses.
Theorems 3.1 and 3.2 give a complete description of the limit behavior of the eigenvalues and eigenfunctions of the folded plates as e -*• 0, in terms of the well-posed 2d-2d model (3.33) . In view of Lemma 3.6, it is clear that the limit eigenvalues also have the min-max characterization vol. 24, n° 4, 1990 -min max*(ê), (3. 48)
The second équation in formula (4.6) is obtained by replacing cr£'p,(O) in (4.9) by its expression in (4.6). Next, we have a 2°£ (O = -V< p ,(e) -^ Kf'(e) , (4.10) so that <T%2 (e) e H l (0, 1 ; //" 2 (co')) and again, thanks to (4.4), . 
